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a b s t r a c t
In a recent paper [P. Glaister, Conservative upwind difference schemes for compressible
flows in a Duct, Comput. Math. Appl. 56 (2008) 1787–1796] numerical schemes based on
a conservative linearisation are presented for the Euler equations governing compressible
flows of an ideal gas in a duct of variable cross-section, and in [P. Glaister, Conservative
upwind difference schemes for compressible flows of a real gas, Comput. Math. Appl. 48
(2004) 469–480] schemes based on this philosophy are presented for real gas flows with
slab symmetry. In this paper we seek to extend these ideas to encompass compressible
flows of real gases in a duct. This will incorporate the handling of additional terms arising
out of the variable geometry and the non-ideal nature of the gas.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In a recent paper [1] a numerical upwind scheme for the one-dimensional Euler equations for ideal gases in a duct of
variable cross-section is presented and which includes the case of cylindrical symmetry and spherical symmetry; while
in [2] a scheme with a similar construction is presented for the one-dimensional Euler equations for non-ideal gases with
slab symmetry. In this paper we seek to extend these ideas to include the case of non-ideal gases with a general equation
of state and which also apply to general duct flows, again including the case of cylindrical or spherical symmetry. One
important difference in the real gas case is that it is necessary to use an alternative primitive variable, namely the specific
internal energy, in the parameter vector, while the variable geometry introduces a source term.
2. The governing equations
The unsteady ‘one-dimensional’ Euler equations governing the compressible flow of a real gas can be written in
conservation form as
ut + f r = s (2.1)
where
u = (ρ, ρu, e)T (2.2)
are the conserved variables, and the flux function
f
(
u
) = (ρu, p+ ρu2, u(e+ p))T (2.3)
E-mail address: p.glaister@reading.ac.uk.
0898-1221/$ – see front matter© 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2009.01.028
P. Glaister / Computers and Mathematics with Applications 57 (2009) 1432–1437 1433
together with
e = ρi+ 1
2
ρu2 (2.4)
and the ‘source’ term
s
(
u
) = −S ′(r)
S(r)
(
ρu, ρu2, u(e+ p))T . (2.5)
The quantities (ρ, u, p, i, e) = (ρ, u, p, i, e)(r, t) represent the density, velocity, pressure, specific internal energy and total
energy of the fluid, respectively, at a general position r along a duct, of cross-sectional area S(r), and at time t . The particular
case S(r) = rN represents slab symmetry (N = 0), cylindrical symmetry (N = 1) or spherical symmetry (N = 2), with
the coordinate r being given by r = x, r = √x2 + y2 or r = √x2 + y2 + z2, respectively, where x, y, z represent Cartesian
coordinates. In addition, there is an equation of state relating the pressure, density and specific internal energy of the form
p = p(ρ, i) (2.6)
For future reference, the quasi-linear form of Eq. (2.1) is given by
ut + Aur = s, (2.7)
where the Jacobian of the flux function f is given by
A = f
u
=

0 1 0
a2 − u2 − pi
ρ
(
p
ρ
+ i− 1
2
u2
)
2u− upi
ρ
pi
ρ
ua2 − u
(
p
ρ
+ i+ 1
2
u2
)
− upi
ρ
(
p
ρ
+ i− 1
2
u2
)
p
ρ
+ i+ 1
2
u2 − u2 pi
ρ
u+ upi
ρ
 (2.8)
and where the sound speed, a, is given by
a2 = pρ + ppi
ρ2
. (2.9)
In the special case of an ideal gas the equation of state (2.6) is given by
p = (γ − 1)ρi (2.10)
where the constant γ denotes the ratio of specific heat capacities of the gas, and the sound speed in (2.9) becomes
a2 = γ p
ρ
(2.11)
with the Jacobian (2.8) simplifying to
A = f
u
=

0 1 0
(γ − 3)
2
u2 (3− γ ) u γ − 1
γ − 2
2
u3 − ua
2
γ − 1
(3− 2γ )
2
u2 + a
2
γ − 1 γ u
 . (2.12)
3. Conservative linearisation
To extend the ideas in [1] to general equations of state it is necessary to give a brief description of the conservative
linearisation approach.
For a given cell C in the numerical grid, define a flux balance
Φ = −
∫
C
f
r
dr = − [f ]R
L
= − (f (uR)− f (uL)) = −∆f (3.1)
denoting the change in flux balance across the boundaries of the cell. The numerical approximation toΦ is defined to be of
the form
Φˆ = −∆r fˆ
r
= −∆rAˆuˆr (3.2)
where ∆r is the cell length and •ˆ indicates a discretised quantity. Having determined the precise form for Φˆ , which we
describe shortly, the distribution of the flux balance to the nodes at either end of the cell is then made using upwinding.
Conservation requires that the overall contribution to the nodes depends only on the boundary conditions. Thus, for a
linearisation represented by (3.2) to be conservative, the sum over the computational domain of the Φˆ should reduce to
boundary conditions alone. It follows from (3.1) that a linearisation is conservative if Φˆ = Φ for each cell, and the resulting
scheme is conservative provided all of the discrete flux balance is distributed to the nodes of the grid.
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4. Application to the Euler equations
We now apply the approach outlined in Section 3 to the Euler equations (2.1). A linearisation of the Euler equations
for real gases can be achieved by seeking discrete flux Jacobians Aˆ in (3.2) which allows Φˆ to be easily decomposed into
components and then an application of the upwinding technique. In [1] this is achieved for the Euler equations for ideal
gases by evaluating the Jacobian consistently from some average cell state z¯ so that
Aˆ = f
u
(z¯) = A(z¯) (4.1)
and then assume that the components of a parameter vector vary linearly in space within each cell. An important
consequence of the linear variation is that zr is locally constant and so the conservative flux balance can be written as
Φ = −
∫
C
f
r
dr = −
∫
C
f
z
zrdr = −
(∫
C
f
z
dr
)
zr . (4.2)
A conservative linearisation is then given by
Φˆ = −
(∫
C
f
z
dr
)
z¯r , (4.3)
where the corresponding discrete gradient (evaluated under the assumption of linearly varying z) is given by
z¯r =
zR − zL
∆r
= ∆z
∆r
. (4.4)
It follows that the discrete gradient of the conservative variables can be written as
u¯r =
1
∆r
∫
C
urdx =
1
∆r
∫
C
uzzrdx =
1
∆r
(∫
C
uzdr
)
z¯r , (4.5)
and thus, from (4.3) and (4.5), the discrete conservative flux balance is given by
Φˆ = Φˆz = −∆r
(∫
C
f
z
dr
)(∫
C
uzdr
)−1
u¯r . (4.6)
Thus the discrete conservative flux balance (3.2) is given by (4.6) in which uˆr = u¯r and
Aˆ = Aˆz =
(∫
C
f
z
dr
)(∫
C
uzdr
)−1
. (4.7)
For the Euler equations for non-ideal gases one obvious parameter vector is the vector of primitive variables
z = (ρ, u, i)T. (4.8)
In the ideal gas case [1] the pressure, p, was used, but in this case, as in [2], the specific internal energy, i, is used because it
is easier to express the vector of conserved variables u in terms of z.
Using the overbar •¯ to indicate the consistent evaluation of a quantity solely derived from the cell-average state given by
z¯ = 1
2
(zL + zR) (4.9)
then the scheme in [2] has
Aˆz = A(z¯)+Mz (4.10)
where the matrices A(z¯),Mz are given by
A(z¯) =

0 1 0
a˜2 − u¯2 − pi(ρ¯, i¯)
ρ¯
(
p(ρ¯, i¯)
ρ¯
+ i¯− 1
2
u¯2
)
2u¯− u¯ pi(ρ¯, i¯)
ρ¯
pi(ρ¯, i¯)
ρ¯
u¯a˜2 − u¯
(
p(ρ¯, i¯)
ρ¯
+ i¯+ 1
2
u¯2
)
− u¯ pi(ρ¯, i¯)
ρ¯
(
p(ρ¯, i¯)
ρ¯
+ i¯− 1
2
u¯2
)
p(ρ¯, i¯)
ρ¯
+ 1
2
u¯2 + i¯− u¯2 pi(ρ¯, i¯)
ρ¯
u¯+ u¯ pi(ρ¯, i¯)
ρ¯

(4.11)
where
a˜2 = pρ(ρ¯, i¯)+ p(ρ¯, i¯)pi(ρ¯, i¯)
ρ¯2
(4.12)
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and
Mz =

0 0 0
(∆u)2
12
− u¯∆ρ∆u
12ρ¯
+ pi
ρ¯
(
u¯∆ρ∆u
12ρ¯
− (∆u)
2
24
)
∆ρ∆u
6ρ¯
− pi∆ρ∆u
12ρ¯2
0
∆ρ∆u
−
u¯2
8ρ¯
− i¯
12ρ¯
− u¯
2pρi
24ρ¯
+pρρ
12
+ u¯
2pi
12ρ¯2
− i¯pρi
12ρ¯
− u¯∆ρ∆i12ρ¯
+∆u∆i
(
1
2
+ pρi
12
+ u¯
2pρi
24ρ¯
− i¯pii
12ρ¯
)
− u¯pρρ(∆ρ)
2
24ρ¯
− u¯pii(∆i)
2
24ρ¯
− (∆u)2
(
u¯
24
+ u¯pi
24ρ¯
)
pρρ(∆ρ)2
24ρ¯
− u¯pii∆u∆i
12ρ¯
+ pii(∆i)
2
24ρ¯
+pρi∆ρ∆i
12ρ¯
+ u¯∆ρ∆u
12ρ¯
+ (∆u)
2
8
− u¯pρi∆ρ∆u
12ρ¯
− u¯pi∆ρ∆u
12ρ¯2
+ ∆ρ∆i
12ρ¯
∆ρ∆u
12ρ¯
+ pρi∆ρ∆u
12ρ¯

+ higher order terms (4.13)
where all derivatives of p are evaluated at (ρ¯, i¯). As in [2] we advocate ignoring terms of third order and those with third
derivatives, and higher. For equations of state based on a quadratic generalisation of the ideal gas equation, these terms all
vanish, while for smooth variations of an equation of state of this kind these terms will be negligible.
The flux balance in (4.16) can be written as
Φˆz = −∆r
(
A(z¯)+Mz
)
u¯r = Φ¯z + qz (4.14)
where the flux balance
Φ¯z = −∆rA(z¯)u¯r (4.15)
is handled in the usual upwinding sense, and the term
q
z
= −∆rMz u¯r (4.16)
is treated as a ‘source’. The gradient u¯r in (4.15) is then projected onto the local eigenvectors ofA(z¯) forwhich the eigenvalues
and eigenvectors are
λi(z¯) = u¯± a˜, u¯ (4.17a-c)
ei(z¯) =
(
1, u¯± a˜, p(ρ¯, i¯)
ρ¯
+ i¯+ 1
2
u¯2 ± u¯a˜
)T
,
(
1, u¯, i¯+ 1
2
u¯2 − ρ¯pρ(ρ¯, i¯)
pi(ρ¯, i¯)
)T
(4.18a-c)
where u¯, i¯ are as before and a˜ is given by (4.12). These represent approximations to the continuous values
λi = u± a, u, e1,2 =
(
1, u± a, p
ρ
+ i+ 1
2
u2 ± ua
)T
,
e3 =
(
1, u, i+ 1
2
u2 − ρpρ
pi
)T
, a =
√
pρ + ppi
ρ2
.
(4.19a-g)
5. Source term
Having considered the treatment of the flux associatedwith f in (2.1), we now turn to alternatives for handling the source
term s in (2.5), which can be written as
s
(
u
) = −S ′(r)
S(r)
(
ρu, ρu2, u(e+ p))T = −S ′(r)
S(r)
ρu (1, u,H)T (5.1)
where the enthalpy, H , is given by
H = e+ p
ρ
= p
ρ
+ i+ 1
2
u2 (5.2)
using (2.4), and which appears in the first two eigenvectors of A. A corresponding approximation for the contribution from
the source in (5.1) can be made, as follows. We take the additional contribution, due to s, for the update to the solution at
time t +∆t in cell C in the numerical grid as
−∆t∆S
S˜
ρ¯u¯
(
1, u¯, H˜
)T
(5.3)
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where
H˜ = p(ρ¯, i¯)
ρ¯
+ i¯+ 1
2
u¯2 (5.4)
and S˜ is an average of S in the cell.
Finally, the source term in (5.3) can then either be ‘upwinded’ by projecting onto the local eigenvectors, which are given
by (4.18a-c) or they can be distributed essentially as a point source.
6. Ideal gas case
We now consider the special case of an ideal gas where the equation of state (2.6) is given by
p = (γ − 1)ρi (6.1)
in this case the expressions in (4.11)–(4.13) require the following expressions
p(ρ¯, i¯) = (γ − 1)ρ¯ i¯, pρ(ρ¯, i¯) = (γ − 1)i¯
pi(ρ¯, i¯) = (γ − 1)ρ¯, a˜2 = γ (γ − 1)i¯
(6.2a-d)
giving
A(z¯) =

0 1 0
γ − 3
2
u¯2 (3− γ ) u¯ γ − 1
γ − 2
2
u¯3 − γ u¯i¯ 3− 2γ
2
u¯2 + γ i¯ γ u¯
 . (6.3)
and
Mz =

0 0 0
(γ − 2)u¯∆ρ∆u
12ρ¯
− (γ − 3)(∆u)
2
24
− (γ − 3)∆ρ∆u
12ρ¯
0
γ∆u∆i
12
− γ u¯(∆u)
2
24
− γ u¯∆ρ∆i
12ρ¯
− γ i¯∆ρ∆u
12ρ¯
+ (γ − 2)u¯
2∆ρ∆u
8ρ¯
(∆u)2
8
+ γ∆ρ∆i
12ρ¯
+ (3− 2γ )u¯∆ρ∆u
12ρ¯
γ∆ρ∆u
12ρ¯
 .
(6.4)
The gradient u¯r is then projected onto the local eigenvectors of A(z¯)which are given by
λi(z¯) = u¯± a˜, u¯ (6.5a-c)
ei(z¯) =
(
1, u¯± a˜, a˜
2
γ − 1 +
1
2
u¯2 ± u¯a˜
)T
,
(
1, u¯,
1
2
u¯2
)T
(6.6a-c)
where
u¯ = 1
2
(uL + uR), a˜ =
√
γ
(
p
ρ
)
=
√
γ
1
2
(
pL
ρL
+ pR
ρR
)
=
√
γ (γ − 1)i¯ =
√
γ (γ − 1)1
2
(iL + iR) (6.7a-b)
using (4.12), (4.17a-c), (4.18a-c) and (6.2a-d), representing approximations to the continuous values
λi = u± a, u, ei =
(
1, u± a, a
2
γ − 1 +
1
2
u2 ± ua
)T
,
(
1, u,
1
2
u2
)T
, a =
√
γ p
ρ
. (6.8a-f)
Furthermore the source term in (5.3) in this case is
−∆t∆S
S˜
ρ¯u¯
(
1, u¯, H˜
)T
(6.9)
where from (5.4) and (6.7b) we have the expression
H˜ = a˜
2
γ − 1 +
1
2
u¯2 (6.10)
with S˜ again an average of S in the cell. As in the general ideal gas case the source term in (6.9) can then either be ‘upwinded’
by projecting onto the local eigenvectors, which are given by (6.6a-c), or they can be distributed essentially as a point source.
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7. Conclusions
We have extended a conservative linearisation technique for the Euler equations to apply to real gas in a duct of variable
cross-section. This includes, as special cases, flows with cylindrical or spherical symmetry with ideal or non-ideal gases.
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